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Topological properties of a periodic condensed matter system are global features of its Brillouin 
zone (BZ). In contrast, the validity of effective low energy theories is usually limited to the vicinity of 
a high symmetry point in the BZ. We derive a general criterion under which the control parameter of 
a topological phase transition localizes the topological defect in an arbitrarily small neighbourhood 
of a single point in fc-space upon approaching its critical value. Such a local phase transition is 
associated with a Dirac-like gap closing point, whereas a flat band transition is not localized in 
fc-space. This mechanism and its limitations are illustrated with the help of experimentally relevant 
examples such as IfgTe/CdTe quantum wells and bilayer graphene nanostructures. 



I. INTRODUCTION 

Over the last three decades topological classification of 
physical systems has become an important as well as ef- 
fective tool in condensed matter physic^^^^. The high in- 
terest in the search for experimentally accessible observ- 
ables represented by topological invariants is due to at 
least two reasons: First, topology yields a new paradigm 
of emergent behaviour globally characterizing a bulk sys- 
tem as opposed to microscopic theories describing the 
dynamics of a system locally by its equations of motion. 
The rich phenomenology brought about by these new 
concepts justifies the intense fundamental interest in the 
field. Second, the possible generic advantages of topolog- 
ically invariant properties as to future applications say in 
the field of nanoelectronics are promising^. For the re- 
liability of mesoscopic devices the robustness of proper- 
ties like a controllably adjustable quantized conductance 
could be an important prerequisite. An inherent feature 
of a discrete topological invariant is precisely this robust- 
ness against local perturbations of the system as far as 
they do not break the crucial symmetries entering the 
global form of the microscopic theory. 

We now turn our attention to the topological classi- 
fication of the Bloch Hamiltonian H{k) the domain of 
which is the Brillouin zone (BZ) of a periodic solid state 
system. Due to the periodicity of the bulk system the BZ 
has the topological structure of a torus. The most typi- 
cal feature of a topological invariant is that it describes a 
global feature of the space at hand which is determined 
by the integral of some characteristic function over the 
entire BZ. Unfortunately, a microscopic theory describ- 
ing the solid state system all over the BZ is often times 
lacking. In such a case, an approved approach to deter- 
mine e.g. the low temperature/bias transport properties 
is the construction of a low energy theory with validity 
regime close to the Fermi surface. For a noninteracting 
system we think oi a, k ■ p theory approximating H{k) as 
a power serieJ^. Without further information about the 
system, the local approximation for H(k) will in gen- 
eral fail to predict the correct value for the topological 
invariant when integrated over the BZ. We will substan- 
tiate this critical argument using the Integer Quantum 



Hall Effect (IQHE^P^ as an example where topology ren- 
ders all occupied states important as far away from the 
Fermi surface as they might be. The fingerprints of these 
states usually considered as inert can then be seen in the 
low energy transport properties of a finite size system. 
However, when comparing the system of interest to a 
well known reference state, the relevant topological fea- 
tures can then be captured by the local approximation for 
H{k)^. Generalizing the analysis for a 4 -f 1-dimensional 
Dirac Hamiltonian in Ref.^-, we define a rigorous condi- 
tion under which topological predictions of theories local 
in fc-space are conclusive. In this context, we argue that 
the control parameter A of a topological phase transition 
can localize the nontrivial features of the transition in 
fc-space to any desired accuracy as the control parameter 
approaches its critical value Ac. For a topological insula- 
tor, this critical point in /c-space is the Dirac point where 
the bulk insulating gap closes. In this case, the global 
properties of a function on the BZ can be localized in 
fc-space without changing the value of the topological in- 
variant. This statement seems to obscure the previous 
assertion that physically relevant topological properties 
are essentially global features of the respective system. 
However, the localization of the topological defect comes 
at a price: First, the physical robustness of the topolog- 
ical property breaks down, since the protecting mecha- 
nism, e.g. the energy gap of a topological insulator goes 
to zero as A — >■ Ac. Second, the topological features for 
the reference state need to be known globally in general 
to make stringent predictions. 

Furthermore, we argue that a phase transition which 
involves a critical point with flat bands does not satisfy 
our criterion of a local transition. Finally, we discuss 
some caveats of the local approach, discussing bilayer 
graphene as an example where it is well known that sym- 
metries lead to a cancellation of topological defects. In 
this context, we show that even the topological defect 
captured by a continuum model of a single valley does 
not survive a lattice regularization. More subtle effects 
due to the fcrmion doubling theorem might lurk if most 
of the details of a band structure are unknown in more 
complex materials. Our distinction between a local tran- 
sition and a nonlocal one is discussed for several promi- 
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FIG. 1: (Colour online). Parameter manifold TZ (red, light 
grey) with its submanifold M (green, dark grey) on which 
the homotopy invariant C is defined, a is parametrized by the 
parameter of a homotopy, 7 by the control parameter A of a 
phase transition and crosses between connected components 
oi M at the critical point Ac. 



nent examples of topological band structures. 

This work is organized as follows: In Sectionjllj we de- 
fine what we mean by a local topological transition for a 
generic periodic system. In Section [TiTj we discuss exam- 
ples which fit into the framework of our definitions and 
demonstrate that not every transition can be considered 
local in /c-space. In Section|lVj we summarize our results. 



II. LOCAL TOPOLOGICAL PHASE 
TRANSITIONS 

Now, we address the mechanism of the localization 
of a topological defect in fc-space more precisely for a 
system of noninteracting electrons in a periodic poten- 
tial. To do so, we first outline the general structure of a 
topological transition. We assume that the dynamics of 
the system is governed by an n-band Bloch Hamiltonian 
H{k,R), R € TZ, where TZ is some parameter manifold 
parametrizing the set of hermitian complex n x n ma- 
trices respecting the symmetries of the physical system. 
For the topological invariant C to be well defined further 
conditions, e.g. a bulk insulating gap if the invariant 
is defined for an insulator, might be necessary. Within 
these additional constraints the Bloch Hamiltonian is 
parametrized on the submanifold A4 C TZ (see Figjl]). 
C is typically defined as the integral of some characteris- 
tic 

clasjni 

over the BZ of the system or over some effective 
BZ which respects additional sy mmetr ies of the system 
like time reversal invariance (TRI)'""iSJ. As a prominent 
example the reader might think of the integral of Berry's 
curvatur^i^ over the BZ yielding the first Chern number 
which represents for example the quantized Hall conduc- 
tivity a^y in the IQHE regime^ or the contribution 
of one Kramers partner to the Quantum Spin Hall Ef- 
fect (QSHE) in HgTe quantum wells as predicted within 
the Bernevig-Hughes-Zhang (BHZ) modeP. We assume 
that the Hamiltonian H(k, a{X)) smoothly depends on 
an experimentally controllable parameter A parametriz- 




FIG. 2: (Colour online). Sketch of a local transition. The 
defect is visualized as a pseudo spin configuration for different 
values of the control parameter A. Close to the transition 
point Ac the difference between the trivial and the nontrivial 
configuration is localized. 

ing a curve A 1— >■ a(A) G A4 (see Figjl]). By construction 
C does not change during the continuous deformation be- 
tween H{k,a{0)) and iJ(fc,a(l)). 

Let us now think of a topological phase transition in 
which A is the control parameter upon continuous vari- 
ation of which the phase transition, i.e. the change of 
C happens say at Ac = 0. At Ac, the system necessar- 
ily leaves the submanifold Ai on which C is well defined 
(see Fig. [T]). This singularity can be thought of as the 
closing of an energy gap, for example. Let us assume for 
simplicity that Ac = is the only such singularity. 

We now analyze the following generic situation ocur- 
ring whenever a theory that is local in fc-space is used 
to describe topological properties: Assume that we know 
the function iF-s{k) to be integrated over the BZ for some 
negative value A = — (5, that is for one value C~ of C. We 
might think of this regime as some topologically trivial 
regime, where the features of the system are well known. 
Predicting the value of the topological invariant C"*" for 
positive A amounts to evaluating = J^^J-^s, where 
J^+s is defined for A = +S. 

We are now in a position to formulate a general con- 
dition under which a topological phase transition can be 
successfully described by a low energy theory which is 
valid in some arbitrarily small neighbourhood B^{Kq) of 
a point Kq e BZ. 

Local transitions 
A topological phase transition is called local in k- space at 
Ko ^/ 

lim / {T+s-T-s) = 0. (1) 

'5-i-0+ JbZ\B,(Ko) 

for any validity range e of the low energy model. The 
meaning of this criterion is readily illustrated (see also 
Fig. [2]). During the phase transition the discrete value 
of C has changed by some finite amount, say N. This 
implies 

/ (T+s - T.s) = iV, <5 > (2) 
Jbz 
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The combination of Eq. ([T]) and Eq. ^ yields the fol- 
lowing expression for the desired quantity : 



c- 



hmx 



lim. 



S^0+ Jb,{Kq) 



■5^0+ JbZ 

{T+s-T-s)=N + C- (3) 



Note that a phase transition classified as local in fc-space 
requires the knowledge of J- only in an arbitrarily small 
neighbourhood of a point Kq to calculate C on the topo- 
logically nontrivial/unknown side of the transition point. 
Therefore, in a situation satisfying the above criterion, 
the change of the topological defect can be localized 
within the validity regime of the given model by tuning 
a knob experimentally. Only if this is the case the global 
topological properties of the low energy model have strin- 
gent physical implications given the fact that it describes 
the physical system only locally around Kq. The above 
criterion can easily be generalized to include a transition 
which happens locally around several points Ki , . . . , 
in the BZ. In this low energy theory valid around 

each of these points has to be known to make conclusive 
predictions about the change of C. 



III. EXAMPLES AND COUNTER-EXAMPLES 

We now turn to examining several experimentally rel- 
evant examples of solid state systems with interesting fc- 
space topology. Our examples will show how efficiently 
our general analysis can be applied to classify topolog- 
ical phase transitions as to their locality and to detect 
subtle problems that might preclude assigning rigorously 
defined topological invariants to fc.p- models not satifying 
our criterion. 



QSHE in HgTe/CdTe quantum wells 

In a seminal papei^i^, Avron et al. showed that topo- 
logical defects in TRI halfinteger fermion systems may 
well exist. These authors point out that a single Kramers 
partner can have a nonvanishing Chern number as ob- 
served in the IQHE regime whereas the Kramers pair's 
total Chern number obeys a zero su m rule . A realization 
of this phenomenology is the QSHESEHH^ where the rel- 
evant Z2 topological invariant u can be thought of as the 
difference between these two contributions with opposite 
sign modulo two. Let us consider the BHZ model for the 
QSHE^. The BHZ Hamiltonian defining a low energy 
theory around the F-point, i.e. around fc = 0, reads 



H{k) = 



_ ( h{k) 







I K*{-k) 



(4) 



iky), ds = 



with h{k) = e{k)ao+di{k)ai, di+id2 — A{h 
M — B{kl + ky), where the gapless part e(fc) turns out 
to be irrelevant for the topological classification. This 
model is a fc • p-type perturbative expansion around the 



F-point up to second order in fc. Let us assume that 
the validity regime of this theory is at least -Be(F). The 
Kramers Chern number defined for each of the blocks is 
given bjff^l 



Nk = 



d^kF{k) 



^d{k) (duAk) X dkj{k) 



(5) 



The unit 



where T{k) = 

vector d = -i is well defined for all values of fc G if 
Ml 

M 7^ 0, otherwise it has a single singularity at the F- 
point. In order for Nk to be well defined as a Chern 
number, there are two formally possible ways to compact- 
ify the fc-space of the 2D continuum model to a non 
contractible manifold^. As d{k — >■ co) — —sgn{B)ez does 
not depend on the polar angle of fc one can compactify 
to a sphere iS'2 by identifying 00 with the northpole^, 
without loosing information about the map d. Another 
way to go would be a lattice regularization of the contin- 
uum model which provides the fc-space with the topol- 
ogy of a torus T^, i.e. introducing a BZ. This does not 
change the effective Hamiltonian in its validity regime. 
The topological phase transition happens at M = 0, the 
control parameter tuning M is the thickness of the quan- 
tum well t with critical value tc. Thus t is what we called 
the control parameter A in our general analysis in Section 
im We now analyze this transition regarding our criterion 
For M = ±(5 small that is t = t^iS, the terms linear 
in k will dominate the constant contribution M for any 
finite value of k. Thus as J ^ 0+ we calculate 

1 = / {J'+s - J'-s) = / (-^0+ - -^0- ) ■ (6) 

In this sense, the transition predicted by the BHZ model 
is local at the F-point in the language of our criterion 

Beyond the physics described by the 4-band model in 
Eq. |4j a critical discussion of the theoretical prediction of 
the QSHE thus reduces to examining two points. First, 
the possibility should be ruled out that due to unidenti- 
fied symmetries some other critical point in the Brillouin 
zone emerges at the same thickness tc, e.g. due to an- 
other level crossing which would then not be comprised 
in the theory and could cancel the defect at fc = 0. Sec- 
ond, since the predicted QSHE becomes experimentally 
relevant at finite energy gap Me, that is at > tc the 
existence of further critical points at tc < t < tc should 
be forbidden. Both criteria are fulfilled in HgTe/CdTe 
quantum well^^. 



A first counter-example regarding HgTe/CdTe 
quantum wells 

We now show that for the BHZ model criterion ([T]) 
is not met independently of the physical situation. To 
understand this let us assume that the experimentalist 
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could tune the parameter B instead of the now fixed pa- 
rameter M = 1, i.e. B is tuned by the control parameter 
A occurring in our general analysis in Section [TTj The 
continuum model would predict 

However, the transition at _B = happens at fc — ?> oo far 
away from the F-point and can thus not be considered as 
a local transition. If we now compactify the base space 
by a lattice regularization with lattice constant a — I the 
prediction for the topological invariant is 











Jrp2 





(8) 



where 9 denotes the heavyside step function. This de- 
scribes a phase transtition at _B = | which is local at 
k = (tTjTt), again far away from the F-point, where the 
model is valid. We conclude that given this modified 
physical situation the predictions of the model should 
be taken with great care, since the lattice regularization 
shifts the critical point of the phase transition as well 
as its location in k-space. This in turn implies that the 
critical point can depend on the way the lattice is regu- 
larized. 



IQHE with degenerate Landau levels as a nonlocal 
defect 

In both examples mentioned up to now, analytical 
progress in the topological classification could be made 
with the help of a low energy theory. In the following, we 
argue why the situation is in principle different for a sys- 
tem with an integer number of filled Landau levels, i.e. a 
system in the IQHE regime. The failure of a low energy 
theory is in this case already indicated by the following 
observation. Consider an IQHE system at low tempera- 
ture T and low bias voltage V. One might expect that a 
theory describing the system in a sufficiently large neigh- 
bourhood AE of its Fermi energy as measured by the en- 
ergy scale max(T, V) should be capable of predicting low 
energy transport properties of the sample. However, in 
this case, topology renders all occupied states important, 
since the edge states consist of equal contributions from 
all occupied bands. It has been shown^^ that the topolog- 
ical defects in the BZ leading to the nonvanishing Chern 
number representing a^y are centered around the zeros 
of the Bloch function fc i— {ro\uk) = Wfe(ro) for fixed vq. 
However, the position of these zeros in the BZ depends 
on the choice of tq which in turn amounts to fixing a 
gauge on the corresponding [/(l)-fiber bundle over the 
BZ with fiber [\uk)] = {e*"^|Mfc)|e''^ G at k. There- 

fore, the position of these defects in fc-space will change 
as the gauge is switched. Given the fact that physical 
observables are gauge invariant, this localization cannot 
be performed by some experimentally accessible control 



parameter. This example fits into our line of reasoning 
demonstrating that a transition between fiat bands, here 
represented by the filled Landau levels is nonlocal in fc- 
space as opposed to a transition associated with a critical 
Dirac gap closing point. 

A defect that cannot be compactified regarding 
single valley bilayer graphene 

Next, we study an example of a globally topologically 
trivial system, namely gapped bilayer graphene, where a 
cancellation of two topological defects each of which is lo- 
cal at an individual high symmetry point in the BZ takes 
place. Beyond this well known phenomenology, we will 
show that even the effective low energy Hamiltonian gov- 
erning the system around one of the valley points K, K' , 
gives rise to a topologically trivial 2D band structure in 
the sense of a rigorous definition. Labelling the individ- 
ual valleys by r = ± the effective Hamiltonian can be 
written asP 

Hrik) - (9) 

with dl = kl - ky, dl = 2Tkxky, d^ = A. In 
the validity regimes of these low energy Hamiltoni- 
ans, the function whose integral over the whole BZ 
yields the Chern number C is again given by ■F'^{k) = 

j^drik) (^dk^dr{k) X dkydr{k)^. This function does not 

vanish around either of the high symmetry points so that 
a local topological phase transition at the gap closing 
point A = could be suspected at first glance. How- 
ever, since = —T^, we can conclude that the total 
contribution of both valleys r = ± will always vanish 
regardless of the sign of A, rendering the global topol- 
ogy of the BZ trivial. Nevertheless, something nontrivial 
happens to exist also in this case. If we artificially con- 
fine our attention to a single valley r and investigate the 
behaviour of T when crossing the critical point A = 0, 
we observe — which might indicate a local 

phase transition at a single if-point. As A — ^ 0+, the 
support of -^^^ can be localized in the vicinity of K to 
any accuracy, that is within any B^{K), albeit 




which looks as if the Chern number changes by two in 
a local transition in the language of criterion ([I]). How- 
ever, discussing the BHZ model, we pointed out that the 
Chern number is only well defined when the fc-space of 
the system is compactified. Otherwise algebraic topology 
tells us that all characteristic classes must be trivial since 
the fc-space of the continuum model is contractibl^^H Por 
the BHZ model we explicitly showed how the topological 
defect of d is unaltered by this compactification for the 
phase transition at M — 0. 

The vorticity of the configuration d^ (see Fig. ^ can- 
not be encompassed by a compactified fc-space. This 
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FIG. 3: (Colour online). Vorticity of d^(ifc) for A = 1. The 
configuration is a double covering of the hemisphere so that 
fc-space cannot be compactified comprising the topology of 
this configuration. 



gives a good intuition as to why for any lattice regulariza- 
tion (index c), e.g. dj^(fc) = 2(cos fcy — cos fc^,), d1,^{k) — 
2 sin fca; sin fcy , d^^ = A, where we have chosen unit lat- 
tice constant for simplicity, the integral 



rp2 



(10) 



i.e. any properly defined Chern number vanishes. This 
means that bilayer graphene, as described by the Hamil- 
tonian (|9]), has a topologically trivial 2D bandstructure. 
We have shown that this statement holds even if we just 
consider the Hamiltonian of one valley and do not take 



into account the existence of the other valley. The deep 
physical reason for this behaviour stems from the fermion 
doubling theorenPH which already predicts that a second 
defect has to exist which can add to or as in this case 
cancel the contribution of an individual valley. 



IV. SUMMARY 

To summarize, we carefully investigated the question 
to which extent low energy theories that are local in k- 
space can be used to successfully capture the topology 
of the Bloch Hamiltonian on the BZ. We found a both 
illustrative and general criterion to classify when a topo- 
logical phase transition can be considered local in the BZ. 
With the help of this criterion, we could analyze the rig- 
orous conditions under which existing models can make 
stringent experimental predictions. Our analysis is valid 
independently of the dimension of the model system. 
Many of our statements can be straightforwardly gen- 
eralized to interacting systems by formulating the topo- 
logical invariants in terms of the single particle Green 
functions as far as the interacting system is adiabatically 
connected to the noninteracting cas^. We demonstrated 
the meaning of our predictions for three different exam- 
ples: the quantum spin Hall effect, the integer quantum 
Hall effect, and bilayer graphene. 
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